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Abstract. Static distributions of temperature and wind velocity at the transition region are calculated
within the framework of magnetohydrodynamics (MHD) of completely ionized hydrogen plasma. The
numerical solution of the derived equations gives the width of the transition layer between the chromosphere
and the corona as a self-induced opacity of high-frequency Alfve´n waves (AW). The domain wall is direct
consequence of the self-consistent MHD treatment of AW propagation. The low-frequency MHD waves
coming from the Sun are strongly reflected by the narrow transition layer, while the high-frequency waves
are absorbed – that is why we predict considerable spectral density of the AW in the photosphere. The
numerical method allows consideration of incoming AW with arbitrary spectral density. The idea that
Alfve´n waves might heat the solar corona belongs to Alfve´n, we simply solved the corresponding MHD
equations. The comparison of the solution to the experiment is crucial for revealing the heating mechanism.
PACS. 52.35.Bj Magnetohydrodynamic waves (e.g., Alfven waves) – 96.60.-j Solar physics – 96.50.Ci
Sources of solar wind
1 Alfve´n model for corona heating
The discovery of the lines of the multiply ionized iron in
the solar corona spectrum [1] posed an important problem
for the fundamental physics - what is the mechanism of
the heating of the solar corona and why the temperature
of the corona is 100 times larger then the temperature of
the photosphere.
The first idea by Alfve´n [2] was that Alfve´n waves
(AW) [3] are the mechanism for heating the corona. AW
are generated by the turbulence in the convection zone
and propagate along the magnetic field lines. Absorption
is proportional to ω2 and the heating comes from high-
frequency AW. Alfve´n’s idea for the viscous heating of
plasma by absorption of AW was analyzed in the theo-
retical work by Heyvaerts [4]. In support of this idea is
the work by Chitta [5] (Figures 8, 9 therein). The authors
came to the conclusion that the spectral density of AW
satisfies a power law with an index of 1.59. This gives a
strong hint that this scaling can be extrapolated in the
nearest spectral range for times less than 1 s and fre-
quencies in the Hz range. Furthermore in the work by
Tomczyk [6] it is stated that there exist very few direct
measurements of the strength and orientation of coronal
magnetic fields, meaning that the mechanisms responsible
for heating the corona, driving the solar wind, and initiat-
ing coronal mass ejections remain poorly understood. Af-
ter the launch of Hinode, however, the well-forgotten spa-
tially and temporally ubiquitous waves in the solar corona
[7] came again into the limelight and gave strong support
for the idea of Alfve´n. A clear presence of outward and
inward propagating waves in the corona was noted. k− ω
diagnostics revealed coronal wave power spectrum with an
exponent of ≈ − 32 (cf. Fig. 2 of [6]).
The observational data for the temperature profile of
the solar corona show that the transition layer is extremely
thin compared to the radius of the Sun [8]. The width of
the transition layer λ may be evaluated using the logarith-
mic derivative of the temperature, λ = max( dTTdx ). In order
to qualitatively explain this small width, in [9] the idea of
self-induced opacity of the plasma for Alfve´n waves was
introduced. A similar idea was analysed also by Suzuki
[10] (see also [11,12,13,14,15]). In the current paper we
give a numerical realisation of this idea by calculating the
width of the transition layer using the framework of MHD.
Without a doubt AW should be present in the solar corona
in the form of the torsional nonlinear cascade [16].
The purpose of the present work is to examine whether
the initial Alfve´n idea is correct and to solve the MHD
equations which give the dependence of the temperature
on the height T (x) and the related velocity of the so-
lar wind U(x) supposing static density of the incoming
AW. We illustrate Alfve´n’s idea by an MHD calculation
for completely ionized hydrogen plasma. Due to the high
density of the transition layer MHD is an adequate tool
to analyze the beginning of the process. Without a doubt
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the kinetic approach is indispensable for the treatment of
low density solar corona but this problem is beyond the
purpose of the present work.
Our starting point are the MHD equations for the ve-
locity field v and magnetic field B
∂tρ+ divj = 0, j = ρv, (1)
∂t
(
1
2
ρv2 + ε+
B2
2µ0
)
+ div q = 0, (2)
∂t(ρv) +∇ ·Π = 0, (3)
where
q = ρ
(
1
2
v2 + h
)
v + v ·Π(visc) − κ∇T + S (4)
is the energy density flux, ρ is the mass density, ε is the
internal energy density, κ is the thermal conductivity, h
is the enthalpy per unit mass;
S =
1
µ0
[B× (v ×B)− νmB× rotB] , (5)
is the Poynting vector and νm ≡ c2ε0̺ is the magnetic
diffusivity determined by Ohmic resistance ̺ and vac-
uum susceptibility ε0; vacuum permeability is µ0. For hot
enough plasma ̺ is negligible. The total momentum flux
Π = ρvv + P1 +Π(visc) +Π(Maxw) (6)
is a sum of the inviscid part ρvv + P of the fluid, with
pressure P ,
Π
(visc)
ik = −η
(
∂ivk + ∂kvi − 2
3
δik∇ · v
)
− ζδik∇ · v, (7)
the viscous part of the stress tensor, with viscosity η and
second viscosity ζ, and lastly, the Maxwell stress tensor
−Π(Maxw)ik =
1
µ0
(
BiBk − 1
2
B2δik
)
, (8)
with δik the Kronecker delta. We model coronal plasma
with completely ionized hydrogen plasma with the follow-
ing parameters:
κ = 0.9
T 5/2
e4m
1/2
e Λ
, η = 0.4
m
1/2
p T 5/2
e4Λ
, ζ ≈ 0, (9)
Λ = ln
(
rDT
e2
)
,
1
r2D
=
4πe2ntot
T
, e2 ≡ q
2
e
4πε0
where qe is the electron charge,me is the mass of electron,
mp is the proton mass, T is the temperature and ntot =
ne + np is the total density of electrons and protons; ρ =
mpnp. We suppose that µ0 = 4π and ε0 = 1/4π, but in
the practical system all formulae are the same; as well as
in Heaviside-Lorentz units where µ0 = 1 and ε0 = 1. As
we mentioned above
νm =
c2
4π
e2m
1/2
e Λ
0.6T 3/2
≪ νk ≡ η
ρ
=
0.4T 5/2
e4m
1/2
p npΛ
; (10)
i.e. the hot hydrogen plasma is sticky, dilute, and “super-
conducting”. Here νk is the kinematic viscosity. We can
introduce the magnetic Prandtl number as the ratio be-
tween the kinematic and the magnetic viscosity,
Prm =
νk
νm
=
0.96π
e6c2
√
mpmenpΛ2(T )
T 4. (11)
In terms of this ratio the heating of the solar corona by AW
is an MHD problem with high Prandtl numbers Prm ≫ 1
in the whole region, where the energy of the waves is trans-
formed into energy of the hot solar wind. While for the
cold chromosphere the magnetic Prandtl number is of or-
der of one, for the hot corona with a 100 times higher T
it increases by 8 orders of magnitude. For this reason, in
the whole interval where we consider MHD heating, the
coefficient νm is negligible. In other words, the formal in-
clusion of Ohmic heating in the MHD equations will not
change the profile T (x) in the range of highest tempera-
tures which is exactly the purpose of our consideration.
Therefore, for illustrative purposes, we can take νm = 0.
The coronal heating mechanism can be revealed without
additional accessories. Let us mention also the relations
κ̺ = 1.5T/q2e and η/κ ≈ 49
√
memp leading to
̺ =
1
4πε0
e2m
1/2
e Λ
0.6T 3/2
. (12)
The applicability of our equations is governed by an
additional condition:
νpp =
4πe2nΛ
T 3/2
√
mp
≫ ωcp = eB
mp
. (13)
If in the dense plasma the frequency of the proton-proton
collisions is much smaller than the proton cyclotron fre-
quency, the magnetic field can be considered a perturba-
tion and for the kinetic coefficients we can use the zero
magnetic field formulas.
Lastly we need to mention the existence of radiative
losses. However, the thin transition layer has width much
smaller not only than Earth’s orbit radius but than Earth’s
radius and thus these losses are neglectable when consid-
ering the mechanism for coronal heating. The hot corona
exists in broad ranges where the heating mechanism can-
not be effective. For this reason, in the narrow range of the
transition region the radiation losses are negligible com-
pared to the intensive heating, no matter what the con-
crete mechanism is. Quantitatively, this means that radia-
tion power per unit volume Prad ≪ nTw/v, where n and T
are the number density and temperature of the corona, w
is the width of the transition region, and v is the velocity
of the solar wind.
2 MHD equations and energy fluxes
The time derivative ∂tB which implicitly participates in
the energy conservation Eq. (2) at zero Ohmic resistivity
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obeys the equation
dtB = B · ∇v −B div v + rot (νmrotB) , (14)
dt ≡ ∂t + v · ∇ .
Analogously the momentum equation Eq. (3) can be rewrit-
ten by the substantial derivative
ρ dtvi = −∂iP + ∂k
{
η
(
∂kvi + ∂ivk − 2
3
δik∂jvj
)}
+∂i (ζ∂jvj)− 1
µ0
(B× rotB)i . (15)
In our model we consider AW propagating along mag-
netic field lines B0. We focus our attention on the narrow
transition layer, where the static magnetic field is almost
homogeneous and the waves are within acceptable accu-
racy one dimensional. For the velocity and magnetic fields
we assume
v(t, x)=U(x)xˆ + u(t, x)zˆ,
B(t, x)=B0xˆ + b(t, x)zˆ, (16)
with homogeneous magnetic field B0xˆ perpendicular to
the surface of the Sun. The transverse wave amplitudes of
the velocity u(t, x) and magnetic field b(t, x) we represent
with the Fourier integrals
u(t, x) =
∫ ∞
−∞
u˜(ω, x)e−iωt
dω
2π
, (17)
b(t, x) =
∫ ∞
−∞
b˜(ω, x)e−iωt
dω
2π
. (18)
For illustrative purposes it is convenient to consider mono-
chromatic AW with u(t, x) = uˆ(x)e−iωt and b(t, x) =
bˆ(x)e−iωt.
2.1 Wave equations
For linearized waves the general MHD equations Eq. (15)
and Eq. (14) give the following system for uˆ(x) and bˆ(x) ≡
bˆ(x)/B0
(−iω + Udx) uˆ = V 2Adxbˆ+
1
ρ
dx (ηdxuˆ) , (19)
−iωbˆ = dxuˆ− dx(Ubˆ) + dx(νmdxbˆ), (20)
where
VA(x) = B0/
√
µ0ρ(x) (21)
is the Alfve´n velocity. In our numerical analysis we solve
the first order linear system of equations
− idx Ψ = KΨ, (22)
Ψ ≡

 uˆbˆ
wˆ

 , K = i
νkU
M,
Ψ † =
(
uˆ∗, bˆ
∗
, wˆ∗
)
,
where wˆ ≡ dxuˆ, and
M≡

 0 0 −νkU0 νk(−iω+ dxU) −νk
iωU −V 2A(−iω+ dxU)
(
V 2A−U2
)
+ Uρ dxη

.
For homogeneous medium with constant η, ρ, VA, and U ,
in short for constant wave-vector matrix K, the exponen-
tial substitution Ψ ∝ exp(ikx) in Eq. (22) or equivalently
Eq. (19) and Eq. (20) gives the secular equation
i νkUdet (K− k1) (23)
= ωD
(
ωD + iνkk
2
)− V 2Ak2 = 0,
where ωD ≡ ω−kU is the Doppler shifted frequency. This
secular equation gives the well-known dispersion relation
ωD
(
ωD + iνkk
2
)
= V 2Ak
2
of the AW. This equation is quadratic with respect to ω
and cubic with respect to k. If the Ohmic resistance is
taken into account, the secular equation takes the form
(
ωD + iνmk
2
) (
ωD + iνkk
2
)
= V 2Ak
2. (24)
2.2 Wind variables
We solve the wave equation Eq. (22) from “Sun’ surface”
x = 0 to some distance large enough x = l, where the
short wavelength AW are almost absorbed. This distance
is much bigger than the width of the transition layer λ,
but much smaller than solar radius. The considered one-
dimensional 0 < x < l time-independent problem has
three integrals corresponding to the three conservation
laws related to mass, energy and momentum. The mass
conservation law Eq. (1) gives the constant flow
j = ρ(x)U(x) = ρ0U0 = ρlUl = const, (25)
where ρ0 = ρ(0), ρl = ρ(l), U0 = U(0), and Ul = U(l).
The energy conservation law reduces to a constant flux
along the x-axis
q = qidealwind(x) + q˜(x) = ρU
(
1
2
U2 + h
)
+ q˜ = const. (26)
Here the first term describes the energy of the ideal wind,
i.e. a wind from an ideal (inviscid) fluid. The second term
q˜(x) includes all other energy fluxes; in our notations tilde
will denote sum of the non-ideal (dissipative) terms of the
wind and wave terms. In detail the non-ideal part of the
energy flux q˜(x) consists of: the wave kinetic energy∝ |uˆ|2,
viscosity (wind ∝ 43η+ ζ and wave ∝ η components), heat
conductivity ∝ κ, and Poynting vector ∝ bˆ∗,
q˜(x) ≡ j
4
|uˆ|2 − ξUdxU − 1
4
η dx|uˆ|2 − κ dxT
+
1
2µ0
(
U
∣∣∣bˆ∣∣∣2−B0Re(bˆ∗uˆ)
)
, (27)
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where ξ ≡ 43η + ζ. Here time averaged energy flux is rep-
resented by the amplitudes of the monochromatic oscil-
lations, this is a standard procedure for alternating cur-
rent processes. In our case we have, for example,
〈
uˆ2
〉
t
=〈
(Re uˆ)
2
〉
t
=
〈
1
4 (uˆ+ uˆ
∗)2
〉
t
= 12 |uˆ|
2
. The other terms
from Eq. (4) are averaged in a similar way like in the
equation above.
The momentum conservation law Eq. (6) gives con-
stant flux Π = Πxx
Π = Π idealwind(x) + Π˜(x) = ρUU + P + Π˜, (28)
the sum of the ideal wind fluid and the other terms
Π˜(x) ≡ 1
4µ0
∣∣∣ bˆ∣∣∣2 − ξdxU, (29)
which take into account the wave part of the Maxwell
stress tensor ∝ b2 and viscosity of the wind ∝ ξ.
We have to solve the hydrodynamic problem for calcu-
lation of wind velocity and temperature at known energy
and momentum fluxes. The problem is formally reduced
to analogous one for a jet engine, cf. Ref. [17]. We approx-
imate the corona as completely ionized hydrogen plasma,
i.e. electrically neutral mixture of electrons and protons.
The experimental data tells us that proton temperature
Tp is higher than electron one Te. This is an important
hint that heating goes through the viscosity determined
mainly by protons. However for illustration purpose and
simplicity we assume proton and electron temperatures to
be equal Te = Tp = T. For such an ideal (in thermody-
namic sense) gas the local sound velocity is
c2s (x) =
cp
cv
P
ρ
= γ
T
〈m〉 , γ =
cp
cv
=
5
3
, (30)
〈m〉 = npmp + neme
np + ne
≈ 1
2
mp, ne = np =
1
2
ntot,
P = ntotT =
ρT
〈m〉 =
j
U
T
〈m〉 , h = cp
T
〈m〉 =
ε+ P
ρ
,
where, as we mentioned earlier, h is the enthalpy per unit
mass and ε is the density of internal energy. Although
there are some hints for different values of the adiabatic
index γ [18], we will use the traditional value of 5/3 for our
calculations since this choice will not change the essence
of our presentation.
In order to alleviate the final formulae we introduce
two dimensionless variables χ and τ which represent the
non-ideal part of the energy and momentum flux respec-
tively
χ(x) ≡ q˜(x)
ρ0U
3
0
∣∣∣∣
0
x
, τ(x) ≡ Π˜(x)
ρ0U
2
0
∣∣∣∣∣
0
x
. (31)
Here we could include gravitational field, Bremsstrahlung
or other accessories, which are negligible for the narrow
transition layer. Analogously, for the wind velocity and
temperature we have
U(x) ≡ U(x)
U0
, Θ(x) ≡ T (x)〈m〉U20
, Θ0 = Θ(0), (32)
where U0 = U(0). The energy and momentum constant
fluxes Eq. (26) and Eq. (28) in the new notation take the
form
q − q˜(0)
ρ0U30
=
1
2
U
2
+ cpΘ − χ = 1
2
+ cpΘ0, (33)
Π − Π˜(0)
ρ0U20
= U +Θ/U − τ = 1 +Θ0. (34)
From the second equation we express the dimensionless
temperature Θ and substitute in the first one. Solving the
quadratic equation for the wind velocity U we derive
U = U0U, U(x) =
1
γ + 1
(
γ + s2 + γτ(x) −
√
D(x)
)
,
(35)
where for the discriminant we have
D = (s2 − 1)2 − 2χ(γ2 − 1) + γτ [γτ + 2 (γ + s2)],
s2 ≡ c
2
s (0)
U20
= γΘ0, c
2
s (x) =
(
∂P
∂ρ
)
S
=
γT (x)
〈m〉 . (36)
If χ = 0 and τ = 0, we get the initial condition U |χ=0,τ=0 =
1. This condition determines the sign in front of
√
D in Eq.
(35). Here γ is the constant ratio of the heat capacities,
and s ≡ cs(0)/U0 is the ratio of the sound and wind veloc-
ity at x = 0. We suppose that initial wind velocity is very
small U(0)≪ cs(0). The velocity distribution Eq. (35) can
be substituted in Eq. (34) and we derive the dimensionless
equation for the temperature distribution
T (x) = 〈m〉U20Θ(x), (37)
Θ(x) = U(x)
(
1 +Θ0 + τ(x) − U(x)
)
, Θ0 =
s2
γ
.
The solutions for velocity U(x) Eq. (35) and temperature
T (x) Eq. (37) distributions are important ingredients in
our analysis and derivation of the self-consistent picture
of the solar wind. We use a one dimensional approxima-
tion and in addition the constant flux of mass, energy and
momentum gives 3 integrals of motion. This enables us
to solve the nonlinear part of the problem analytically.
That is why we do not solve the differential equations
for the density ρ(x) = ρ(0)U(0)/U(x), temperature T (x)
and wind velocity U(x), and use analytical expressions
containing the energy and momentum fluxes. Thus the
numerical problem is reduced to a system of three linear
differential equations.
2.3 Boundary conditions for the waves
At known background wind variables U(x) and T (x) we
can solve the wave equation Eq. (22) for run-away AW
at x = l. As we will see later the run-away boundary
condition Eq. (52) corresponds to right propagating AW
at the right boundary of the interval. The wave equation
Eq. (22) is extremely stiff at small viscosity, and numerical
solution is possible to be obtained only downstream from
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x = 0 to x = l. We have to find the linear combination of
left and right propagating waves at x = 0, which gives the
run-away condition at x = l.
The solution of wave equation according to Eq. (26)
determines the energy flux related to the propagation of
AW
q˜wave (Ψ(x)) ≡ Ψ †gΨ = j
4
|uˆ|2 − 1
2
ηRe (uˆ∗wˆ) (38)
−νmB
2
0
2µ0
Re
(
bˆ
∗
dxbˆ
)
+
B20
2µ0
(
U
∣∣∣bˆ∣∣∣2− Re(bˆ∗uˆ)
)
,
where
g(x) ≡


1
4j −
B2
0
4µ0
− 14η
− B204µ0
UB2
0
2µ0
0
− 14η 0 0

 . (39)
Here j-term represents kinetic energy of the wave, η-term
comes from the viscous part of the wave energy flux, and
B0-terms describe the Poynting vector of the wave. For
illustrative purposes we consider hot enough plasma with
negligible Ohmic resistance, i. e. νm ≈ 0.
In order to take into account the boundary condition at
x = l we calculate the eigenvectors of the matrix K, which
according to Eq. (22) determine the wave propagation in a
homogeneous fluid with amplitude ∝ exp(ikx). Then the
eigenvalues of K give the complex wave-vectors
k = k′ + ik′′ = eigenvalue(K), (40)
i.e.
det (K− k1) = 0. (41)
The three eigenvectors L, D and R are ordered by spatial
decrements of their eigenvalues
k′′L < 0 < k
′′
R < k
′′
D, (42)
and are normalized by the conditions
− L†g L = R†gR = D†gD = 1, (43)
where the sign corresponds to the direction of wave prop-
agation. Notation L corresponds to left propagating wave,
R to right propagating wave, and D for an overdamped at
small viscosity mode.
For technical purposes we introduce the matrix nota-
tions
L =

 Lu(x)Lb(x)
Lw(x)

 , R =

Ru(x)Rb(x)
Rw(x)

 ,
D =

Du(x)Db(x)
Dw(x)

 . (44)
For low enough frequencies ω → 0 and wind velocities
the modes describe: 1) right-propagating AW with k′R ≈
ω/VA and small k
′′
R ≈ νkω2/2V 3A ≪ k′R, 2) left propagat-
ing wave kL = −kR, and a diffusion overdamped mode
k′′D ≈ V 2A/νkU ≫ k′D which describes the drag of a static
perturbation by the slow wind U ≪ VA in a fluid with
small viscosity. In this low frequency and long wavelength
limit the stiffness ratio of the eigenvalues is very large
r
DR
=
|kD|
|kR| ≈
k′′D
k′R
≈ V
3
A
νkUω
≫ 1. (45)
The strong inequality is applicable to the chromosphere
where the viscosity of the cold plasma is very low. As we
emphasized the wave equations Eq. (22) form a very stiff
system and indispensably has to be solved downstream
from the chromosphere x = 0 to the corona x = l using
algorithms for stiff systems. Let
ψ
L
(x) =

 uL(x)b
L
(x)
w
L
(x)

 , ψ
R
(x) =

 uR(x)b
R
(x)
w
R
(x)

 (46)
are the solutions of the wave equation Eq. (22) with bound-
ary conditions
ψ
L
(0) = L(0), ψ
R
(0) = R(0). (47)
We look for a solution as a linear combination
ψ(x) = ψ
R
(x) + r ψ
L
(x), (48)
in other words we suppose that from the low viscosity
chromosphere plasma do not come overdamped diffusion
modes. The strong decay rate make them negligible at x =
0. Physically this means that AW (R-modes) are coming
from the Sun and some of them are reflected from the
transition layer (L-modes)
ψ(0) = R(0) + rL(0). (49)
Analogously for the configuration of open corona we
have to take into account the run-away boundary condi-
tion for which we suppose zero amplitude for the wave
coming from infinity
ψ(l) = t˜R(l) + c˜D(l). (50)
Written by components

 uR(l)b
R
(l)
w
R
(l)

+ r

 uL(l)b
L
(l)
w
L
(l)

 = t˜

 Ru(l)Rb(l)
Rw(l)

+ c˜

Du(l)Db(l)
Dw(l)

 .
(51)
This boundary condition gives a linear system of equation
for the reflection coefficient r, transmission coefficient t˜
and the mode-conversion coefficient c˜.
For l → ∞ when exp[−k′′D(l)l] ≪ 1 exp[−k′′R(l)l] the
amplitude of D-mode is negligible and the run-away bound-
ary condition reads
ψ(l) = ψ
R
(l) + rψ
L
(l) ≈ t˜R(l), (52)
or by components
(
u
R
(l)
b
R
(l)
)
+ r
(
u
L
(l)
b
L
(l)
)
= t˜
(
Ru(l)
Rb(l)
)
. (53)
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These systems give the amplitudes of the reflected wave r
and transmitted wave t˜ in the solution Eq. (48). For this
solution we have the energy flux of transmitted T and
reflected R waves
T ≡ ψ†(l) g(l)ψ(l) = (54)
= |t˜|2 + |c˜|2 + (t˜ c˜∗D†(l) g(l)R(l) + c.c.) ,
1−R ≡ ψ†(0) g(0)ψ(0) (55)
= 1− |r|2 + (r∗L†(0) g(0)R(0) + c.c.) .
Then we introduce the absorption coefficient
A ≡ −ψ†(x) g(x)ψ(x)
∣∣∣l
0
= 1−R− T . (56)
The described solution is normalized by unit energy flux of
the R-wave. If we wish to fix energy flux of the right prop-
agating wave to be qwave(0) we have to make the renor-
malization
Ψ(x) = Awaveψ(x), (57)
using a parameter Awave. In this section we have described
Absorbing Boundary Conditions (ABC) well known from
radar calculations, but realization for AW is more com-
plicated and require eigenvector analysis. Now using Ψ(x)
we can calculate the wave part of the energy flux Eq. (39)
and the wave part of the momentum flux
Π˜wave(x) ≡ 1
4µ0
∣∣∣ bˆ(x)∣∣∣2 . (58)
This section is written in dimensional variables, but all
equations can be easily converted in dimensionless vari-
ables as is done in the next sub-sub-section.
2.3.1 Dimensionless wave variables, convenient for
numerical calculations
Using mechanical units for length l, velocity U0 and den-
sity ρ0 we can convert all equations in dimensionless form.
The formulae remain almost the same and we wish to men-
tion only the differences. Introducing dimensionless den-
sity
ρ(x) = ρ(x)/ρ0 = 1/U(x) (59)
and wave energy flux
Qwave(0) = qwave(0)
ρ0U30
= (1−R) |Awave|2 , (60)
we have dimensionless matrices
M=


0 0 −νU
0 ν(−iω+W ) −ν
iωU −V 2A(−iω+W )
(
V
2
A−U
2
)
+U
2
dxη

, (61)
and
g ≡ 1
4

 1 −a
2 −η(x)
−a2 2a2U(x) 0
−η(x) 0 0

 , (62)
V
2
A(x) = a
2U(x), V
2
A(0) = a
2U(0) = a2. (63)
(a) Amplitude profile of the velocity of AW.
(b) Energy flux of AW absorbed by fully ionized Hydrogen
plasma according to Eq. (64).
(c) Profile of AW momentum flux according to Eq. (67).
Fig. 1: Profiles for AW of velocity (a), energy flux (b) and
momentum flux (c).
For the dimensionless energy flux we have (Fig. 1b)
Qwave(x)=1
4
∣∣uˆ∣∣2 + a2
2
(
U
∣∣∣bˆ∣∣∣2− Re(bˆ∗uˆ)
)
(64)
−1
2
ηRe
(
uˆ
∗
wˆ
)
= Ψ
†
g Ψ,
where (Fig. 1a)
uˆ =
uˆ
U0
, wˆ =
ldxuˆ
U0
, ω =
lω
U0
. (65)
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Then for the dimensional wave energy flux we have
qwave(x) = ρ0U
3
0 Qwave(x), (66)
and analogously for the momentum flux (Fig. 1c) of the
wave
Πwave(x) = ρ0U
2
0 Pwave(x), Pwave =
1
4
∣∣∣bˆ∣∣∣2 . (67)
The point in Fig. 1c after which the momentum flux Pwave
remains constant is where it is completely dissipated. In
the next section we will consider all parts of the energy
and momentum fluxes.
2.4 Total wave fluxes
The total energy and momentum fluxes are integrals over
all frequencies. From Eq. (64) we have
Qwave,ω(x) = Ψ †ω g Ψω =Wω ψ†ω(x) g(x)ψω(x), (68)
where Wω is the spectral density of the waves. We can
construct the total energy flux of the waves as
Qtotalwave(x) =
∫ ∞
ω=0
Wω ψ†ω(x) g(x)ψω(x)
dω
2π
=
∑
ω>0
Wω ψ†ω(x) g(x)ψω(x), (69)
Qtotalwave(0) ≡ Q0 =
∑
ω>0
Wω ψ†ω(0) g(0)ψω(0). (70)
Observational data gives a power law dependence of the
spectral density of AW in the solar corona. One can sup-
pose that the spectral density of the waves coming from
the chromosphere has the same power law dependence,
i. e. Wω = C/ωα. α is between 1.5 and 2: 32 [6], 1.59 [5],
2 [19]. C is the unknown parameter of the theory, which
we vary for fixed ξ in order to reproduce the temperature
increase in the transition layer. Note that here we have
used the dimensionless frequency. If we want to use the
dimensional one, then the parameter C also has to be-
come dimensional. If we know the initial total energy flux
of the waves, we can calculate the spectral density as
Wω = Q0/
∑
ω>0
ψ†ω(0) g(0)ψω(0). (71)
Analogously to Eq. (69), the total momentum flux is cal-
culated from Eq. (67) as
Ptotalwave(x) =
∑
ω>0
Wω Pwave,ω(x) (72)
=
∫ ∞
ω=0
Wω Pwave,ω(x)dω
2π
.
In order to simulate plasma heating by AW with power
law spectral density, in the work by Topchiyska [20] an
illustration is given with 8 AW with different frequen-
cies. Wave propagation can be easily seen for moderate
of T (l)/T0 = 3. In order to concentrate our attention on a
realistic temperature increase T (l)/T0 = 20 in the present
work we take into account only one wave with frequency
300 Hz. No doubt waves in the Hz range do not exist in the
solar corona because they are absorbed during the heat-
ing, but we wish to emphasize the importance of Hz range
waves in the solar photosphere, which are not observable
at the moment.
2.5 Mass, energy and momentum fluxes
In the one-dimensional model which we analyze the con-
servation laws Eq. (1), Eq. (2) and Eq. (3) are converted
in three integrals of our dynamic system describing the
mass j = ρ0U0j, energy q = ρ0U
3
0Q, and momentum
Π = ρ0U
2
0P fluxes
j = Uρ = 1, (73)
Q = 1
2
U
2
+ cpΘ0T
−κΘ0dxT −
(
4
3
η + ζ
)
U dxU
+
∑
ω>0
Wω
(
1
4
∣∣uˆω∣∣2 + a2
2
(
U
∣∣∣bˆω
∣∣∣2 − Re(bˆ∗ωuˆω
)))
−
∑
ω>0
Wω 1
2
ηRe
(
uˆ
∗
ωwˆω
)
= const, (74)
P = U + Θ0T
U
−
(
4
3
η + ζ
)
dxU (75)
+
∑
ω>0
Wω 1
4
∣∣∣ bˆω
∣∣∣2 = const.
Here we can recognize the energy flux of an ideal inviscid
gas
Q idealwind =
1
2
U
2
+ cpΘ0T , Θ = Θ0T , (76)
dissipative energy flux of the wind related to heat conduc-
tivity and viscosity
Q disswind = −κΘ0dxT −
(
4
3
η + ζ
)
U dxU, (77)
the non-absorptive part of the wave energy flux
Qidealwave =
∑
ω>0
Wω
(
1
4
∣∣uˆω∣∣2 + a2
2
(
U
∣∣∣bˆω
∣∣∣2 − Re(bˆ∗ωuˆω
)))
,
(78)
and the absorptive part of the wave energy flux
Q disswave = −
∑
ω>0
Wω 1
2
ηRe
(
uˆ
∗
ωwˆω
)
(79)
8 T. M. Mishonov et al.: Heating of the solar corona by Alfve´n waves – self-induced opacity
proportional to the viscosity. Analogously for the momen-
tum flux we have:
P idealwind = U +
Θ0T
U
, (80)
P disswind =−
(
4
3
η + ζ
)
dxU, (81)
P idealwave =
∑
ω>0
Wω 1
4
∣∣∣ bˆω
∣∣∣2 , (82)
P disswave = 0 (83)
for the transversal AW. As a rule the dissipative fluxes
are against the non-dissipative ones. One can introduce
non-ideal wind energy flux
Q˜ ≡ Qnonidealwind = Qdisswind +Qtotalwave = Q−Qidealwind = (84)
−κdxT −
(
4
3
η + ζ
)
UdxU −
∑
ω>0
Wω
(
1
2
ηRe
(
uˆ
∗
ωwˆω
))
+
∑
ω>0
Wω
(
1
4
∣∣uˆω∣∣2 + a2
2
(
U
∣∣∣bˆω
∣∣∣2 − Re(bˆ∗ωuˆω
)))
,
Qtotalwave = Qidealwave +Qdisswave. (85)
The non-ideal wind momentum flux is
P˜ ≡ Pnonidealwind = Pdisswind + Ptotalwave = P − P idealwind (86)
= −
(
4
3
η + ζ
)
dxU +
∑
ω>0
Wω 1
4
∣∣∣ bˆω
∣∣∣2 ,
Ptotalwave = P idealwave + Pdisswave. (87)
Then according to Eq. (31) we have
χ(x) ≡ Q˜
∣∣∣0
x
= Q idealwind
∣∣x
0
, (88)
τ(x) ≡ P˜
∣∣∣0
x
= P idealwind
∣∣x
0
. (89)
This analysis finally reveals the usefulness of dimensionless
variables. The dimensional momentum flux τ and energy
flux χ participate in the important analytical expressions
for the wind variables Eq. (35) and Eq. (37).
3 Self-consistent procedure and results
First we fix the boundary condition, the temperature T0
and proton density np(0) for x = 0. For these param-
eters we calculate density ρ0, Debye radius length rD(0),
Coulomb logarithm Λ0, viscosity η0, heat conductivity κ0,
Ohmic resistivity ̺0, and sound speed cs(0). Initial ve-
locity of the wind is better to be parameterized by the
dimensionless parameter s ≫ 1, i.e. U0 = cs(0)/s. Anal-
ogously plasma beta parameter β0 determines the Alfve´n
speed at VA(0) =
√
γ
2β cs(0). Let us also fix the maxi-
mal frequency for which we will consider plasma waves ω
and calculate the absorption rate of the energy density of
(a) Space dependence of the temperature, calculated
by our self-consistent MHD procedure.
(b) Relative difference between consecutive tempera-
ture profiles T old(x) and T (x). The smallness of this
difference is an empirical criterion for the convergence
of the calculation.
Fig. 2: A twenty times increase of the plasma temperature
by absorption of AW: (a) temperature profile; (b) relative
difference for the self-consistent MHD calculations, as de-
scribed in section 3.
AW 2k′′R(0). One can choose the interval of the solution
of MHD equations to be much larger than the AW mean
free path 1/2k′′R(0), for example
l =
10
2k′′R(0)
=
10V 3A(0)
νk(0)ω2
. (90)
We can now explain why we have implicitly neglected
the gravitational effects. The reason is that our spatial
scale l is much smaller than the barometric scale H =
kBT/ 〈m〉 g⊙ , l ≪ H . Here we have used the standard no-
tation for the Sun’s surface gravity g
⊙
. Having units for
length l, velocity U0 and density ρ0 we can calculate di-
mensionless variables at x = 0 : κ0, η0, and Θ0.
The input parameters of the program are T0, ntot(0),
β0, ω, and s which parameterizes j = 〈m〉ntot(0)U0. We
calculate l, a, η0 = ν0, κ0 and choose some Awave which
finally determines increasing of the temperature T (1) =
T (l)/T (0).
In our self-consistent calculation we use the non-linear
fit T (x) = 1+
(∑3
n=0 anx
n
)
tanh(b1x) for the numerically
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(a) Space dependence of the velocity, calculated by
our self-consistent MHD procedure.
(b) Relative difference between consecutive velocity
profiles Uold(x) and U(x).
Fig. 3: A twenty times increase of the plasma velocity by
absorption of AW: (a) velocity profile; (b) relative differ-
ence for the self-consistent MHD calculations, as described
in section 3. The figures are analogous to Fig. 2.
calculated profile of the temperature T (x) as well as for
the velocity U(x). In order to accelerate the convergence
for the initial approximation we use a0 = 20, a1 = a2 =
a3 = 0, b1 = 10. Let us explain in detail the successive
approximations.
1. At fixed wind profiles T (x) and U(x) we calculate
Λ = Λ0 +
3
2 lnT +
1
2 lnU, η, κ, dxη, and dimension-
less matrices M and g. Then we have to solve the
wave equation and to renormalize the solution with
some fixed dimensionless energy flux for the R-mode
Qwave(0).
2. Using so obtained wave variables Ψ we have to solve
equations Eq. (33) and Eq. (34) to find U(x) and Θ(x),
and respectively T (x) from Eq. (32). The variables η,
κ, dxη, and dxκ, which participate in the coefficients
have to be calculated simultaneously.
3. Having solved the equations for the wind variables
and formerly the equations for the wave variables we
can calculate the total energy and momentum flux. If
the maximal relative difference between two successive
temperature profiles is larger than some predetermined
value we go to step 1 and repeat the procedure.
The width of the transition layer λ, defined by
l
λ
= max
x
∣∣dx lnT ∣∣ ≃ 1
b1
, (91)
and the increasing of the temperature T (1) are functions
of the wave energy flux coming from the chromosphere
qwave(0). The wave amplitude Awave is determined in a way
that ensures the desired temperature increase T (1;Awave) =
T (l)/T (0) in the end of the space interval. In our numer-
ical illustration we used one wave which corresponds to
δ-like spectral density of AW. In general, at fixed tem-
perature increase and chosen spectral density of the AW
the MHD theory has no more free parameters. All that
is left is to compare the calculations with other models
and observational data for heating of the solar corona and
launching of the solar wind.
We have demonstrated that a 21 times increase in the
temperature is possible by setting T0 = 6000 K, ntot(0) =
4 · 1017 m−3, β0 = 1, ω = 2π 10 rad/s, s = 137. The
final dimensionless temperature profile and relative differ-
ence are shown in Fig. 2. In Fig. 2a one can easily see
the transition between strong absorption of AW and wind
with evanescent AW amplitude wave and almost horizon-
tal temperature profile. We have shown only the beginning
of the interval, where the AW are absorbed. The dimen-
sionless wind velocity profile and relative difference are
shown in Fig. 3.
Few more comments are worthwhile. The applicability
criterion (13) is fulfilled as can be seen in Fig. 4. The stiff-
Fig. 4: Spatial dependence of the applicability criterion.
ness ratio in the beginning of the interval is above 2000
which is very high and confirms that we are dealing with
a stiff system, thus making the problem very hard from
a numerical point of view. After we have illustrated the
principle of the heating mechanism, we should note that
perturbative accessories could be added to the MHD equa-
tions, i.e. radiative losses, chemical content, and Ohmic
heating. However, this will not change in any way the
temperature profile. Finally, a realistic application of the
MHD heating of the solar corona includes realistic spec-
tral density of AW, coming from the chromosphere, as a
boundary condition for the transition region.
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4 Conclusion
4.1 Discussions
In spite that iron was suspicious from the very beginning
the problem of Coronium was a 70 year standing mys-
tery until unambiguous identification as Fe13+ by Gro-
trian and Edlen in 1939. The same 70 year time quantum
was repeated. In 1947 Alfve´n [2] advocated the idea that
absorbtion of AW is the mechanism of heating of solar
corona. Unfortunately the idea by Swedish iconoclast [21]
was never realized in original form: what can be calcu-
lated, what is measured, what is explained and what is
predicted. That is why there is a calamity of ideas still on
the arena, for a contemporary review see the SOHO pro-
ceedings ([22]). From qualitative point of view the narrow
width of the transition layer w = min |dx/d lnT (x)| is
the main property which should be compared against the
predictions of other scenarios. For example, in order for
the nanoflare hypothesis to be vindicated [23] such recon-
nections are needed to explain the narrow width of the
transition layer at the same boundary conditions of wind
velocity and temperature. Moreover electric fields of the
reconnections heats mainly the electron component of the
plasma. How then proton temperature in the corona is
higher? Launching of Hinode gave a lot of hints for the
existence of AW in the corona [24], see also [25]. How-
ever most of the those research was in UV region when
high frequency AW which heated are already absorbed.
All observations are for low frequency (mHz range) AW
for which hot corona is transparent. The best can be done
is the extract low frequency behavior of the spectral den-
sity of AW and to extrapolate to higher frequencies re-
sponsible for heating. So observed AW are irrelevant for
the heating. In order to identify AW responsible for the
heating it is necessary to investigate high frequency (1 Hz
range) AW in the cold chromosphere using optical not UV
spectral lines. We are unaware whether such type of ex-
periments are planned. One of the purposes of the present
work is to focus the attention of experimentalists on the
1 Hz range AW in the chromosphere, which we predict on
the basis of our MHD analysis. For such purposes we sug-
gest to be paid special attention to the behavior of oscilla-
tions [26] and sunspot waves [27] above active regions. An-
other possibility is provided by Doppler tomography [28]
of Hα or Ca lines. Doppler tomography was successfully
used for investigation of rotating objects, such as accretion
disks [29] and solar tornados [30]. Here we wish to mark
also the Doppler tomography by Coronal Multi-channel
Polarimeter build by Tomczyk [6]. For investigation of
AW by Doppler tomography we suggest development of
frequency dependent Doppler tomography operating as a
lock-in voltmeter. The date from every space pixel should
be multiplied by sinωt and integrated for many wave pe-
riods. Finally one can observe time averaged distribution
of the AW amplitude. Systematic investigation of such
frequency dependent Doppler tomograms will reveal that
Swedish iconoclast [21] is again right that AW heat the
solar corona, after another 70 years of dramatic launching
of vast variety of ideas.
4.2 Plasma heating by AW – a historical perspective
What have we learned from the one-dimensional static
MHD problem? We have demonstrated that qualitatively
predicted self-induced opacity of plasma is an intrinsic
property. Absorption of AW causes viscous heating of ions
and that is why the proton temperature is higher than
the electron one. In this way we have revealed an ef-
fective method for ion heating which can be applied to
many plasma problems. Actually plasma heating by MHD
waves is used in the MIT alcator [31]. We suggest how-
ever that the toroidal geometry can be replaced by Budker
probkotron geometry, in which the energy of the AW will
be focused in a narrow jet with a hundred times increased
temperature. A de Laval nozzle will be realized by strong
magnetic fields. We do believe that this will be an effec-
tive method for navigation in the Solar System (cf. [32]).
Electric power from a nuclear reactor will create a fast
electron-proton jet and this will dramatically decrease the
initial mass of the rocket. For large-scale Earth-based in-
stallations such a jet of high-temperature deuterium will
inject a fresh idea in nuclear fusion physics.
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